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Introduction
The knot theory is substantially based on the axioms of skein relation and normalization [1] allowing one to describe every knot and link by a definite polynomial. These polynomials form the set of polynomial invariants. The goal of this paper is to show that every of the three polynomial invariants (Alexander, Jones, HOMFLY) can be put into correspondence to the definite "bosonic" q-numbers/(q, p)-
H ), which allow one to reproduce the corresponding skein relation. Comparing these deformed numbers, we find the rule of obtaining the two-parameter HOMFLY polynomial invariants of knots and links from one-parameter (Alexander, Jones) polynomial invariants.
The so-called (q, p)-numbers, which are an important ingredient of (q, p)-calculus, generalizing the well-known q-calculus [2] , appear in the connection with (q, p)-deformed bosonic oscillators [3] . Recently, with the help of these (q, p)-numbers, we have shown for the important case of torus knots that the generalized (two-variable) Alexander polynomials can be obtained [4, 5] , as well as the generalized (two-variable) Jones polynomials [6, 7] .
Skein Relations
The Alexander polynomials ∆(t) for knots and links are defined by the Alexander skein rela- tion [8] together with the normalization condition for the unknot:
The Jones polynomials V (t) are described by the following skein relation and normalization condition [9] :
The HOMFLY polynomials H(a, z) are introduced in the following way [10] :
For our goal, it is necessary to make a change of the variable z = t
. Thus, the HOMFLY skein relation can be rewritten in the form
Let us write the skein relation in the general form
where l 1 and l 2 are coefficients. The capital letter "L" stands for "Link" and denotes one of the two: knot or link (unknot belongs to knots). Here, three polynomials P L+ (t), P LO (t), P L− (t) correspond to the overcrossing Link L + ("overcrossing" refers to a chosen crossing of the Link), zero crossing Link L O , and undercrossing Link L − . Thus, applying the surgery operation of elimination of a crossing to an initial Link L + , one obtains a simpler Link L O . The Link L − is obtained from the same initial Link L + by the another surgery operation of switching of the crossing.
Consider the simplest torus knots T (2m + 1, 2) and torus links L(2m, 2), where m = 0, 1, 2, 3, ... . The common notation for these torus knots and links L n,2 corresponds to torus knots, if n is odd, and to torus links for even n. The surgery operation of elimination turns L n,2 into L n−1,2 , and the switching operation turns it into L n−2,2 . Because of it, the very important property follows from (4), namely, the series of polynomials P Ln,2 (t) is characterized by the recurrence relation
which repeats itself in the skein relation (4). We now rewrite formula (5) in a simpler notation P n+1,2 (t) = l 1 P n,2 (t) + l 2 P n−1,2 (t).
For the polynomials P Ln,2 (t) with odd n, relation (6) yields the recurrence relation referred only to the torus knots T (2m + 1, 2)
where the coefficients k 1 and k 2 are expressed through l 1 and l 2 [4] as
From (7) and the normalization condition
we obtain for the trefoil
3. "Bosonic" (q, p)-numbers
The one-parameter "bosonic" q-number (structural function) characteristic of a Biedenharn-Macfarlane deformed bosonic oscillator corresponding to an integer n is defined as [11, 12] [n] q = q n − q
with q to be a parameter. Some of the q-numbers are
The recurrence relation for (11) looks as
The two-parameter "bosonic" (q, p)-number corresponding to the integer number n is defined as [3] [n]
where q, p are parameters. If
Some of the q, p-numbers are given below:
The recurrence relation for q, p-numbers is
4. Alexander "Bosonic" q-numbers:
[n]
A From the Alexander skein relation (1) in the form (4)
one has the "Link coefficients"
From (15), we have the recurrence relation for Alexander polynomials of torus knots and links L n,2 (by analogy to (6))
Using (8) and (16), we obtain the "knot coefficients"
Therefore, the recurrence relation for Alexander polynomials of torus knots T (2m + 1, 2) looks as
Comparing (19) and (14) allows us to put (what we call) the Alexander "bosonic" q-numbers [n] A into correspondence to (19). Indeed, from q + p = t + t −1 , qp = 1, we have q = t, p = t −1 . Therefore, relation (13) yields
which coincides with q-numbers of Biedenharn and Macfarlane.
Jones "Bosonic" q-numbers: [n]
V From the Jones skein relation (2) in the form (4)
we have the "Link coefficients"
and, correspondingly, find the "knot coefficients"
The recurrence relation for the Jones polynomials of torus knots T (2m + 1, 2) has the form V n+2,2 (t) = (t 3 + t)V n,2 (t) − t 4 V n−2,2 (t).
